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Abstract

In this paper, we propose a formal framework based on description logics as a basis for

both modeling multidimensional databases and understanding related reasoning problems

and services. We extend a description logic with new constructors for de�ning operators on

cubes together with a representational framework for hierarchically structured dimensions.

The constructors we propose correspond in part to the operators on data cubes given in [1].

Finally, our representation of cubes naturally allows a symmetric treatment of dimensions

and measures.

1 Introduction
Recently, much attention has been focused on multidimensional databases. Many

commercial systems based on their own data models have been developed. The main

strength of multidimensional databases is their ability to view, analyze, and consolidate

huge amounts of data. To do so, instead of presenting tables to the user, data is pre-

sented in the shape of so-called data-cubes which can be manipulated by using operators

to cut out pieces from large cubes, change the granularity of dimensions, turn cubes, etc.

Because of these functionalities, multidimensional databases play an important role in

Decision Support Systems, for On Line Analytical Processing, and in Data Warehousing.

In general, multidimensional databases provide two categories of tools: (1)Tools for e�-

cient storage and retrieval of large volumes of data. (2)Tools for viewing and analyzing

data from di�erent perspectives. These tools allow interactive querying of data and their

analysis, often referred to by \navigation" since this way of querying seems much more

intuitive than classical ad-hoc queries.

For describing the interdependence of data in a multidimensional databases, data cubes

are regarded as most appropriate data model. In a data cube, each axis is associated with

a dimension (e.g., time, space, or products) and its according values. Then, points in the

cube (called cells) can be associated with values (called measures) of additional dimensions

(like sales volumes). This cube representation is well-suited for the representation of

multidimensional data because it allows for tracking changes of values depending on the

�This work is partially supported by ESPRIT Basic Research Action no. 22469 - Foundations of Data

Warehouse Quality.
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changes of each of the dimensions. If the same information were represented in a table,

one would have to skip lines for this kind of tracking. Displaying information to the user

as well as navigation in this information are tasks that are heavily supported by this data

model.

In OLAP, Decision Support Systems and Data Warehouse applications, aggregation

is an important operation. Data is often summarized at various level of granularities and

on various combinations of attributes. Therefore, queries are more complex and may take

long time to complete. To face up to this problem, a great deal of e�ort has been invested

in developing techniques for optimizing queries involving views and aggregate functions

[9, 7, 10, 11, 12].

Unfortunately, a unifying framework for multidimensional databases is still missing.

Hence, di�erent multidimensional models, operators, techniques, etc. cannot be compared

to each other or evaluated. Furthermore, there is a certain lack of common vocabulary

and common understanding of multidimensional data models. In this paper, we propose

an object-centered, logical framework for multidimensional data models to overcome this

lack. It is a �rst step towards the development of a framework which (1) is powerful

enough to facilitate comparison or evaluation of di�erent multidimensional data models.

Hence it has to have enough expressive power to represent the relevant properties of

multidimensional data models. Second, it is equipped with well-de�ned semantics, and

third, it allows the precise de�nition of relevant reasoning services and problems. These

de�nitions are a prerequisite for the investigation of these problems with respect to their

computational complexity and the comparison and evaluation of reasoning techniques.

The framework presented in this paper is based on Description Logics, a family of

logics which have already proved their usefulness as unifying framework for object-centered

representation formalism [5]. These logics are equipped with well-de�ned semantics and

sound and complete reasoning algorithms. In fact, a main characteristics of these logics

is that problems like satis�ability, containment or consistency are e�ectively decidable.

Finally, they can be equipped with a kind of interface to speci�c \concrete domains" (e.g.,

integers, strings, reals).

To serve as a framework for multidimensional data model, we will describe data cubes

within a description logic. We build on works by Agrawal et al. [1] and Baader and

Hanschke [3] to develop a description logic that takes into account the basic operators on

cubes. Like [1] operators are de�ned on cubes and produce as output cubes. Thus, we

can de�ne classes of cubes and build new cubes from already existing ones using operators

like join, restrict, aggregate, etc. Furthermore, we propose a representational framework

for hierarchically structured dimensions.

Paper outline: Section 2 gives an example illustrating the features of a data cube and

hierarchically structured dimensions. Section 3 introduces the syntax and declarative

semantics of our language based on ALC(D)[3]. We conclude in Section 4 by highlighting

some perspectives.

2 Example
Consider a service for statistics which records information regarding the results of

students in exams over time. We have exam results for each student for each year and

for each subject (Suppose we have six subjects, Mathematics, Physics, CS, Geography,

c
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History, and Philosophy). Figure 1 shows a representation of this data in the relational

model. These data are called micro data or base data, since it is supposed to be the most

�ne-grained data available. In this example, there is more than one-for-one correspondence

between the di�erent �elds.

Student Year Subject Mark

S1 1995 Mathematics 14

S1 1995 Physics 12

... ... ... ...

S1 1996 History 13

S1 1996 Philosophy 10

... ... ... ...

S2 1995 Mathematics 12

... ... ... ...

S2 1996 Physics 14

... ... ... ...

S3 1995 Mathematics 10

... ... ... ...

S3 1996 Philosophy 13

... ... ... ...

Figure 1: A relational representation of exams results

A much concise and clearer way to represent this data would be as a three-dimensional

matrix (Figure 2). This representation is commonly known as a data cube (in the mul-

tidimensional jargon). It is a cube with three intersecting 2D cross tabs. In this rep-

resentation, each axis is associated with a dimension, that is a column of a relational

table. Elements within a dimension are called positions. Points in a data cube are called

cells, and each cell in Figure 2 is associated with the corresponding element of the column

Mark. Then the cube is said to have dimensions Student, (examination-) Y ear, and

Subject, and to have the measure Mark. The data in this representation is more orga-

nized, hence it is more easily accessible than the organization o�ered by the relational

table. Note that the relational representation (Figure 1) is only possible because the

Mark is uniquely determined by the Student, the (examination-) Y ear and the Subject.

As multidimensional databases are designed for ease and performance in manipulating

and analyzing complex data structures, values of dimensions or measures can be aggre-

gated, decomposed, or combined to new values to form what is commonly known as macro

data or summary data. This corresponds to what is called data consolidation [6, 8].

Dimensions can be hierarchically structured1: For example, each subject is part of

a subject category (i.e., Scientific-subject, Non-scientific-subject), and each category

is part of All-subjects. In general, dimensions can have more complex structures: In

Figure 3, the dimension Student is given. The group of students is decomposed with

1Hierarchies like this one are called containment hierarchies in the context of statistical databases

c
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Figure 2: A cube representation of exams results

respect to two di�erent categories: With respect to their residence, and with respect to

their sex. While the gender hierarchy has only three levels (i.e., students = fS1; S2; : : :g,

sex = fMale; Femaleg; All students), the residence hierarchy has four levels. Giving

names to these levels enables us to drill down or roll-up information to the granularity

we have in mind{by (possibly) skipping intermediate levels. In the following, we will call

the most �ne-grained level base level.

Male Female

City1 Cityn

East West North South

S2S1 . . .

. . .

. . . Si Sm

. . . Cityk

All-students

Figure 3: The multiple hierarchically structured Student dimension

Furthermore, an important di�erence between our approach and the one presented in

[1] is that we want to distinguish between the internal representation of a cube and its

visualization. Given an instance c of cube as described below, c can contain much more

information than what can be shown in one single cube. To visualize the information

contained in c, one chooses at most 3 dimensions d1; d2; d3 plus n measures fi. This part

of the information contained in c can then be visualized as a cube. The push and pull

operators take a cube and transform dimensions into measures and vice versa. In our

c
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approach, this can be reduced to asking for a di�erent visualization of the cube.

3 The language
In this section, the syntax and semantics of a description logic for the representation

of multidimensional data is introduced. This logic is based on the one presented in [3]

and extends it by a set of operators for the handling of data cubes.
3.1 Basic De�nitions

In order to de�ne aggregation appropriately, we �rst introduce the notion of multisets:

In contrast to simple sets, in a multiset an individual can occur more than once, this is

to say that, for example, the multiset f1g is di�erent from the multiset f1; 1g. Multisets

are needed to ensure that, for example, the average age of one's children is calculated

correctly in the case he has twins or triplets.

De�nition 1 (Multisets) A multiset (or bag) on a set S is a subset M of S � IN such

that for every a 2 S there is an n 2 IN (the number of occurrences of a in M) such that

(a;m) 2M if and only if m < n. The set of all multisets on S is denoted by M(S).

Next, we de�ne concrete domains, which are used to incorporate application-speci�c

domains (i.e., strings, reals, non-negative integers, etc.) into the abstract domain of

objects.

De�nition 2 (Concrete Domains) A concrete domain D = (dom(D); pred(D); funct(D); agg(D))

consists of:

� the domain dom(D),

� a set of predicate symbols pred(D), where each predicate symbol P 2 pred(D) is

associated with an arity n and an n-ary relation PD � dom(D)n,

� a set of 2-ary function symbols funct(D), where each function symbol f 2 funct(D)

is associated with a function fD : dom(D)2 ! dom(D), and

� a set of aggregation symbols agg(D), where each aggregation symbol � 2 agg(D) is

associated with an aggregation function �D :M(dom(D))! dom(D).

In [3], concrete domains are restricted to so-called admissible concrete domains in order

to keep the reasoning problems of this logic decidable. We recall that, roughly spoken, a

concrete domainD is called admissible i� (1) pred(D) is closed under negation and contains

a unary predicate name >
D
for dom(D), and (2) satis�ability of �nite conjunctions over

pred(D) is decidable. For example, the subsets of some IRn de�ned by a �nite number of

polynomial equations or inequalities as de�ned in [4] are admissible concrete domains.

In the following, we de�ne our extension of the description logic ALC(D) as pre-

sented in [3]. ALC(D) itself is an extension of ALC, introduced in [13], a well-known

description logic with high expressive power. In ALC, concepts can be built using boolean

operators (i.e., and, or, not), and value restrictions on those individuals associated to an

individual via a certain role (binary relation). These include existential restrictions like

in (9 has child:Girl) as well as universal restrictions like (8 has child:Human). Ad-

ditionally, in ALC(D), (abstract) individuals which are described using ALC can now be

c
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related to values in a concrete domain, like, for example, the integers or strings. This

allows us to describe, for example, persons whose savings balance are higher than their

yearly income, by Human u (savings > income). In [3], it is shown that all interesting

inference problems like consistency, satis�ability, and containment (called subsumption in

Description Logics) are decidable for ALC(D).
3.2 The Concept Language

In this subsection, we �rst introduce complex concepts in ALC(D). These concepts

can then be used to specify the terminology of a speci�c application in a so-called TBox.

This TBox can be viewed as an encyclopedia in which the meaning of certain concepts is

de�ned using other concepts (which are possibly de�ned themselves in this TBox). Next, a

speci�c situation can be described in a so-called ABox, possibly using the concepts de�ned

in the TBox. In the ABox, we introduce some individuals, describe their properties and

their interrelationships. Our extension of ALC(D) allows for operators on cubes. Thus,

we can de�ne a cube as the result of the application of such a cube-operator to another

cube.

De�nition 3 (Syntax of ALC(D)- concepts) Let NC , NR, and NF be disjoint sets of

concept, role, and feature names, and let D be an admissible concrete domain. Then each

concept name is a concept, and complex concepts are de�ned inductively by the following

rules (where C, D are concepts, R denotes a role name or feature name, P 2 pred(D) is

a n-ary predicate name, u1; : : : ; un are feature chains2)

C;D �! C uD j C tD j :C j

8R:C j 9R:C j P (u1; : : : ; un)

A terminology (or TBox) T is a (�nite) set of concept de�nitions, each of the form A
:
= C,

where A is a concept name and C a complex concept. We restrict our attention to those

terminologies where each concept name A occurs at most once on the left hand side of a

concept de�nition, and which does not contain de�nitional cycles.

An ABox A is a (�nite) set of assertions. Given a set of individual names NI, asser-

tions are of the following forms:

a : C; (a; b) : R; (a; b) : f; (a; x) : f; (x1; : : : ; xn) : P;

a = rename(b; f); a = destroy(b; f); a = restrict(b;C);

a = join(b; c); a = aggr(b; f;�; g);

a = Join(b; c; hn1; o1; f1; g1i; : : : ; hnm; om; fm; gmi);

a = roll�up(b; f;�; g : level)

for (possibly complex) concept C, feature names f; fi; g; gi; ni, role name R, function

names oi 2 funct(D), an aggregation function � 2 agg(D), (abstract) individuals a; b; c 2

NI, an n-ary predicate name P , and elements of a concrete domain x; x1; : : : ; xn 2

dom(D).

The semantics of these constructs is now de�ned in a set-theoretic way.

2A feature chain u = f1 � : : : � fn is a composition of features.

c
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De�nition 4 (Semantics) Let D be an admissible concrete domain. The semantics is

then given by an interpretation I = (�I; �I), which consists of an (abstract) interpretation

domain �I, and an interpretation function �I. The domain �I and the given concrete

domain dom(D) have to be disjoint. The evaluation function �I associates each concept C

with a subset CI � �I, each role R with a binary relation RI � �I��I, and each feature

name f with a partial function fI from � into �I[dom(D). Additionally, I has to satisfy

the following equations:

(C uD)I = CI \ DI

(C tD)I = CI [ DI

(:C)I = �I n CI

(8R:C)I = fx 2 �I j 8y; (x; y) 2 RI ) y 2 CIg

(9R:C)I = fx 2 �I j 9y; (x; y) 2 RI ^ y 2 CIg

P (u1; : : : ; un)
I = fx 2 �I j (uI1 (x); : : : ; u

I

n
(x)) 2 PDg

A concept C is satis�able i� there exists an interpretation I such that CI 6= ;. Such an

interpretation is called a model of C. A concept C is contained in a concept D (written

C v D) i� CI � DI holds for each interpretation I. An interpretation I satis�es a TBox

T i� I satis�es each concept de�nition in T , and it satis�es a concept de�nition A _=C i�

AI = CI. If (a; b) 2 RI or fI(a) = b, we say that b is an R-�ller (resp. f -�ller) of a.

Interpretations of ABoxes, additionally, associate each individual name a to an element

of �I, in such a way that aI 6= bI holds for two di�erent individual names a; b. Again, I

satis�es an ABox A i� I satis�es each assertion in A, that is to say

aI 2 CI for each a : C 2 A

(aI; bI) 2 RI for each (a; b) : R 2 A

fI(aI) = bI for each (a; b) : f 2 A

fI(aI) = xI for each (a; x) : f 2 A

(xI1 ; : : : ; x
I

n
) 2 PD for each (x1; : : : ; xn) : P 2 A

The semantics of assertions containing operators like destroy or join is more di�cult. Be-

fore giving it, we need some additional de�nitions. Furthermore, for the operator roll�up,

we �rst develop a mean for representing multi-level hierarchically structured dimensions.

An ABox A is said to be consistent with a TBox T i� there exists a model for both, that

is an interpretation I satisfying A and T .

Note that the description of individuals in an ABox needs not to be complete: A model

of an ABox might have more elements than those explicitly mentioned, and the individuals

mentioned in the ABox might have more properties than those explicitly stated in the

ABox. This is due to the so-called Open World Assumption.
Using ALC(D), cubes containing information on exams results can be described by the

following concept de�nition:

examsresults
:

= 8has cell:( 8student:STUDENT u 8year:INTEGER u

8subject:SUBJECT u 8mark:INTEGER)

where has cell is a role name and student, year, subject, and mark are feature names.

STUDENT3 is the top predicate of the concrete domain representing the student hierarchy

3Which corresponds to All-students in the hierarchy.

c
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as given in Figure 3, thus holding for every object within this hierarchy. Other properties

like the age or the courses a student is enrolled in can also be associated to this cube.

Our object-centered view of the information about exams results is depicted in Figure

4. The symbol 3 on the �gure stands for the feature name has cell. This �gure shows

(parts of) a model I of examsresults, where �I contains, besides others, the individual

exam results (a cube which is an instance of the concept examsresults) and the cells

c1; : : : ; c36. Another concrete domain mentioned in this example, besides STUDENT, is

INTEGER.
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Figure 4: An object-centered representation of the exams results

3.3 Hierarchies within Dimensions

In this subsection, we propose a framework for representing multi-level hierarchically

structured dimensions. As stated in Section 2, a hierarchically structured dimension is

a set of objects interrelated by part-whole relations. For that the operators like aggr

and destroy can be de�ned correctly, we will not allow arbitrary decompositions along a

dimension but will de�ne certain restrictions. However, these restrictions are the only

ones made{we want the user to be as free as possible in the de�nition of its domains.

A general assumption concerning part-whole relation is that there is a great variety

of di�erent part-whole relations [2, 14], all of them sub-relation of the general part-whole

relation, denoted as � in the following. Though we will not distinguish these di�erent

part-whole relations explicitly, their presence is re
ected in the fact that an object, say

All students, is decomposed in di�erent ways, this is with respect to di�erent part-whole

relations. In the following, we will say that objects within a dimension are decomposed

or aggregated within di�erent categories.

De�nition 5 (Hierarchies) A hierarchy is a �nite, partially ordered set (H;�), where

� is a strict ordering and a maximal m 2 H exists. Then, a level is a subset ` � H such

that no two elements x; y 2 ` are comparable by �. Furthermore, each element h 2 H

has to belong to exactly one level. Finally, if for two levels `; `0 we have h 2 `; i 2 `0 with

h � i, then there exists no h0 2 `; i0 2 `0 with h0 � i0.

Hence in ALC(D + �)4, hierarchies are represented using a concrete domain for each

dimension: A hierarchy-concrete domain H = (dom(H); pred(H)) is a domain where

4For ALC(D) extended with operators on cubes and roll�up for navigating within the hierarchies of

dimensions.

c
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(dom(H);�) is a hierarchy as de�ned above, �2 pred(H), and each level ` is associated

with a unary predicate `H, where `H(x) holds for all objects x belonging to the level `.

As all hierarchy-concrete domains are �nite, they are trivially admissible.
3.4 Semantics of Cube Operators

The operators for which we are going to de�ne the semantics make sense only for

\cubes", which have been introduced only informally so far. In general, a cube is an

object which is associated to cells which are all of similar form. This fact of being of the

same form is described by the following concept cube. It is de�ned in such a way that, if

a cell of an instance of cube has an f -�ller for some feature name f , then all other cells

have also f -�llers:

cube = u
f2NF

((9has cell:9f:ALL)) (8has cell:9f:ALL))

where C ) D is used as shorthand for :CtD and ALL is a shorthand for the \universal"

concept >
D
tAt:A (A is a concept name). Given that{for each speci�c application{NF

is �nite, cube is a concept and describes cubes according to our intuition. For the formal

de�nition of the operators, further abbreviations are useful:

De�nition 6 Let x; y be cubes in I. Then cells(x) := fy 2 �I j (x; y) 2 has cellIg. We

say x; y are disjoint if x 6= y and they do not share cells, more formally disj(x; y) i� x 6= y

and cells(x)\cells(y) = ;. In the sequel, we will use R for a role name or a feature name,

and RI(a) as shorthand for all R-�llers of a, i.e. RI(a) = fb 2 �I[dom(D) j (a; b) 2 RIg.

Now we are ready to de�ne the semantics of the operators. In general, so that I satis�es

an assertion of the form x = op(y; : : :), there has to exist a mapping � from the cells of x

into the cells of y. Further properties of the mapping � depend on the kind of operator

and its parameters.

The �rst operator restricts the cells in a cube to those belonging to a given concept

C. Thus it can be used in a straightforward and 
exible way for slicing and dicing.

Semantics of the restrict operator:

An interpretation I satis�es an assertion x = restrict(y;C) i� disj(x; y) and

9� : cells(y) \ CI �! cells(x) that is bijective and

8c 2 cells(y) \ CI 8R : RI(c) = RI(�(c)):

The operator destroy removes the values of a feature f from all cells in a cube. An

arbitrary feature f can be destroyed from a cube x even if not all cells in x have the same

f -�llers. In this case, by applying destroy, (1) we really loose information and (2) might

have di�erent cells ci whose remaining fj-�llers coincide. (1) is �ne since we might not

be interested in these pieces of information. (2) does not matter either since \multiple

occurrence" is not prohibited and aggregation still works in the expected way.

Semantics of the destroy operator:

An interpretation I satis�es an assertion x = destroy(y; f) i� disj(x; y) and

9� : cells(y) �! cells(x) that is bijective and

8c 2 cells(y) : �(c) 62 dom(fI) and

8R if R 6= f then RI(c) = RI(�(c)):

c
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where dom(fI) is the domain of fI, i.e. dom(fI) = fx 2 �I j fI(x) is de�nedg.

The next operator, join, builds a new cube out of two cubes, quite similar to the join

in the relational model.

Semantics of the join operator:

An interpretation I satis�es an assertion x = join(y; y0) i� disj(y; y0), disj(x; y), disj(x; y0),

and

9� : common(y; y0) �! cells(x) that is bijective and

8(c; d) 2 common(y; y0) 8R : RI(c) [ RI(d) = RI(�(c; d)):

where common contains all pairs of cells of y and y0 agreeing on all common features in

y and y0, i.e., common(y; y0) := f(c; d) 2 cells(y)� cells(y0) j 8f 2 NF : c 62 dom(fI) or d 62

dom(fI) or fI(c) = fI(d)g.

Hence, for this join operator the features on which the cubes are joined are those which

occur in both input cubes. If one wants to use join in a di�erent way, one may use the

operator rename on the input cubes to change the feature names:

Semantics of the rename operator:

An interpretation I satis�es an assertion x = rename(y; f; g) i� disj(x; y) and

9� : cells(y) �! cells(x) that is bijective and 8(c) 2 cells(y)8R : RI(c) = R+[f 7!g]I(�(c)):

where R+[f 7!g] = R if R 6= f and R+[f 7!g] = g if R = f .

The operator Join is more powerful than join in that it takes additional functions as

parameters which are applied to the respective values of the cells before joining them.

Semantics of the Join operator:

An interpretation I satis�es an assertion x = Join(y; y0; hn1; o1; f1; g1i; : : : ; hnm; om; fm; gmi)

i� disj(y; y0), disj(x; y), disj(x; y0), and

9� : common(y; y0) �! cells(x) that is bijective and 8(c; d) 2 common(y; y0)

81 � i � m : nI
i
(�(c; d)) = oi(f

I

i
(c); gI

i
(d)) and

8R : R 62 ff1; : : : ; fm; g1; : : : ; gmg )

RI(c) [RI(d) = RI(�(c; d))

8R : R 2 ff1; : : : ; fm; g1; : : : ; gmg )

�(c; d) 62 dom(RI):

The next operator is used to aggregate the values of the feature f over all those cells

coinciding on all their role-�llers besides their g-�llers. Since this aggregation works over

all g-�llers, the output cube has no values with respect to g.

Semantics of the aggr operator:

An interpretation I satis�es an assertion x = aggr(y; f;�; g) i� disj(x; y) and

9� : maxss(y; f; g) �! cells(x) that is bijective and

8c 2 cells(x) : c 62 dom(gI) and

fI(c) =
P

c02��1(c)

fI(c0) and

8R : if R 62 ff; gg then

RI(c) = RI(c0) for some c0 2 ��1(c):

c
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where maxss contains all maximal subsets of cells of y which agree on all features but

f and g, i.e.,

maxss(y; f; g) := fS � cells(y) j 8c; c0 2 S 8Rif R 62 ff; gg then RI(c) = RI(c0) and

8d 62 S 9c 2 S 9R 62 ff; gg with RI(d) 6= RI(c)g:

The operator roll�up is more powerful than the last one: It aggregates over the g-�llers

only up to a given level `. This operation can be used to \jump" over several levels{hence

we use �+ as the transitive closure of the relation �.

Semantics of the roll�up operator:

An interpretation I satis�es an assertion x = roll�up(y; f;�; g : `) i� disj(x; y) and

9� : maxroll(y; f; g : `) �! cells(x) that is bijective and

8c 2 cells(x) : gI(c) = d such that `H(d) and

d �+ gI(��1(c)) and

fI(c) = �fI(��1(c)) and

8R : if R 62 ff; gg then

RI(c) = RI(c0) for some c0 2 ��1(c)

where maxroll contains all maximal subsets of cells of y which agree on all features but f

and g, i.e.,

maxroll(y; f; g : `) := fS � cells(y) j 8c; c0 2 S 8Rif R 62 ff; gg then RI(c) = RI(c0) and

9d : `H(d) and d �+ fI(c) and d �+ fI(c0) and

8e 62 S 9c 2 S 9R 62 ff; gg with RI(e) 6= RI(c) or

9d1 : `
H(d1) and d1 �

+ fI(e) and d1 6= dg:

Note the following relationship between roll�up and aggr: destroy(roll�up(y; f;�; g : All); g) =

aggr(y; f;�; g).

Given this formal de�nition of hierarchies and the roll�up operator, this operator can

easily be extended to take more than one level of a hierarchy as argument. Thus, for

example, one can roll-up the exams result cube on the student dimension in such a way

that it displays the results for the male students in City1, for the female students in

City1, for the male students in City2, etc.
3.5 Problems concerning drill-down

In multidimensional databases, besides slicing and dicing, roll-up and drill-down are

the most famous operations used for the navigation in data cubes. In contrast to the

�rst three operations, drill-down cannot be formulated within the framework presented

here. This is so because the command "drill-down the dimension x of the cube C" cannot

be formulated in a precise way, in no formalism. In the following, we argue why drill-

down can only be implemented as an "undo"-button or as a step from one to another

precomputed cube{but not as a well-de�ned operation.

In general, drill-down operations are thought to take a given cube C and re�ne the

granularity of dimension x to a level `. The only case where no problems occur is when

all dimensions but x are represented by their base-levels, and `, too, is the base level of

dimension x. In this case, the result of this operation is simply the information associated

with the base data. If this is not the case, we are confronted with di�erent problems:

c
1997/DWQ 13 RWTH



DWQ Foundations of Data Warehouse Quality (DWQ)

If C is the result of roll-up operations, how to compute the new measure if a point p in

dimension x is substituted by its parts? The measure could be evenly distributed over

the parts of p but this would surely mislead the user. Thus, the more �ne-grained cube

has to be recomputed from the base data. In order to do so, one has to know the whole

history of how the cube C has been computed. Then, one could think to recompute this

history and just not do any aggregations on dimension x to a level above ` in order to

obtain the desired new cube. Unfortunately, this will lead to unintuitive results, too: As

the small example in Figure 5 shows, aggregation is not commutative. When starting

from cube x and �rst aggregating the dimension Space using max, and the T ime using min,

what should be the result of a drill-down into the space dimension? If it were the cube

x0, which is x aggregated on T ime using min, then the application of max to the dimension

Space yields a cube di�erent from y. This simple example shows that, even if the whole

history of a cube were used to compute a drill-down, and if there were no join operations

applied, there is no unambiguous result to this operation-besides an immediate "undo".

cube x
. ..

.

Time

Space

3

17

19

5

. . Time

Space

. 17 19.
.

Time

Space

.

5

Space

.
. Time

 5

cube z

cube y’cube y

Space

.
. Time

cube z’

 3

17

roll-up(x, measure, max, Space:All-space)

roll-up(x, measure, min, Time:All-time)

roll-up(x, measure, min, Time:All-time)

roll-up(x, measure, max, Space:All-space)

Figure 5: Aggregation is not commutative

4 Conclusion and Future Work
We presented an approach for modeling multidimensional databases. We provided in

particular the syntax and the declarative semantics of an object-centered formalism. The

description logicALC(D) is extended by a set of operators that work on cubes, for example

for aggregating information. Unlike [1] we incorporated in a clean way a mechanism for the

declarative speci�cation of hierarchically structured dimensions. Aggregation functions

are not restricted to a �xed set, but we allow for arbitrary ones. A second point to be

mentioned is that our approach explicitly supports hierarchically structured domains to

be used in the roll-up operator. Furthermore, we investigated the problem of the drill-

down operator, the counterpart to roll-up. Unfortunately, it seems as if this operator has

to be limited to the trivial cases since aggregation is not commutative.

As the framework presented here is a �rst approach to an object-centered represen-
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tation of multidimensional data models and the according operators, there remain some

open questions and further work to be done: Until now, we have only de�ned the inter-

esting reasoning problems like satis�ability, containment, consistency. This is a �rst step

towards the investigation of the complexity of these problems and the design of suitable

algorithms for them. Second, we have not yet incorporated a way to state functional

dependencies between features. Perhaps this is not crucial for intensional reasoning, but

it is crucial for extensional reasoning like consistency checking. Both points mentioned

above will be part of future work.
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